We consider initial value problems for the nonlinear Klein-Gordon equation in de Sitter spacetime. We use the differential transform method for the solution of the initial value problem. In order to show the accuracy of results for the solutions, we use the variational iteration method with Adomian's polynomials for the nonlinearity. We show that the methods are effective and useful.
Introduction
In this article, we are interested in the initial value problem for the nonlinear Klein-Gordon equation in de Sitter spacetime, ϕ tt + nHϕ t − e −2Ht ∆ϕ + m 2 ϕ = |ϕ| p−1 ϕ, (x, t) ∈ R n × [0, ∞),
where m > 0 represents physical mass, H is the Hubble constant and p > 1. The sign of H specifies the model of the universe. If H < 0, then it is called the anti de Sitter spacetime model while H = 0 determines the Minkowski spacetime model. On the other hand, when H > 0, then the so-called de Sitter spacetime model decribes exponential expansion of the universe. The Klein-Gordon equation arises in relativistic physics such as cosmology and in general relativity, in particular in quantum field theory. We briefly explain how the equation in (1) is deduced.
The line element in de Sitter spacetime is given by
where R is the radius of the universe. By using the Lemaitre-Robertson transformation in [1] ,
the line element has the following form
Changing the coordinates as
we get
where H = 1/R. We may write the line element in general spatial dimensions as
Thus the corresponding metric is
Let g := det(g ik ) 0≤i,k≤n and (g ik ) 0≤i,k≤n be the inverse matrix of (g ik ) 0≤i,k≤n . Then the scalar field ϕ in de Sitter spacetime is described by the following equation:
where x 0 := t and V(ϕ) is a potential function. More explicitly, we get
Setting |ϕ| p−1 ϕ = −V ′ (ϕ), we obtain the equation in (1).
In Minkowski spacetime, the initial value problem for the semilinear Klein-Gordon equation
has been extensively investigated. The existence of global weak solutions has been obtained by Jörgens [2] , Pecher [3] , Brenner [4] , Ginibre and Velo [5, 6] . On the other hand, the initial value problem for so-called Higgs boson equation
in Minkowski spacetime, and
in de Sitter spacetime have been studied by Yagdjian [7] , and the necessary conditions have been derived for the existence of the global solution that the solution has a changing sign and is oscillating in time.
Turning back to the initial value problem (1), the small data global existence result is proved by Yagdjian [8] in Sobolev space
. In Nakamura [9] , the existence of local and global solutions with power type nonlinear terms are shown by using the energy method in the case of large mass, i.e., m ≥ n/2.
Our first aim in this article is to give approximate solutions of (1) based on the initial data by using the differential transform method in de Sitter spacetime. This method was first considered by Zhou [10] for solving initial value problems in electrical circuit analysis. Jang, Chen and Liu [11] used the two dimensional differential transform for obtaining the analytic solutions of linear and nonlinear partial differential equations. In addition, Kurnaz, Oturanç and Kiris [12] generalized the transform method to the n dimensional case for solving partial differential equations.
In Minkowski spacetime (that is, H = 0), the initial value problem for the Klein-Gordon equation
where p ≥ 2 has been studied with the differential transform method by Kanth and Aruna [13] in one spatial dimension and by Do and Jang [14] in higher spatial dimension.
On the other hand, in order to illustrate our results, we use another method called variational iteration. This method which is iterative based on a correction functional with a Lagrange multiplier was first considered by He [15, 16] . It was applied to the Klein-Gordon equation by Yusufoglu [17] in Minkowski spacetime. This paper is organized as follows. In Section 2, we give the definition of the differential transform and some basic properties of the transform. The basic concepts of the variational iteration method are given in Section 2.1. Section 3 is devoted to some numerical examples. We apply the methods to the linear and nonlinear Klein-Gordon equations in de Sitter spacetime to investigate the solutions. The results obtained by the differential transform method are compared with the variational iteration method. We give the conclusion in the last section.
Preliminaries

Differential Transform Method
We give the definition and some properties of differential transformations for solving (1) . (See, e.g., [11] [12] [13] .)
Let the function u = u(x, t) be analytic in the domain
The differential inverse transform of U(k, h) is defined by
The following fundamental properties of differential transformations are listed in [11] [12] [13] . Since the proofs are directly the result of (7), we give only their statements.
Theorem 2.1. Let c ∈ R be a constant. Assume that U(k, h), and V(k, h) are the differential transforms of the functions u(x, t) and v(x, t) respectively. Then we have the
following properties for linearity:
Theorem 2.2. Let U(k, h) be the differential transform of the function u(x, t). If w(x, t)
= ∂ p+q u(x, t) ∂x p ∂t q , then W(k, h) = (k + p)! p! (h + q)! q! U(k + p, h + q).
Theorem 2.3. Let U(k, h) and V(k, h) be the differential transforms of the functions u(x, t) and v(x, t) respectively. If w(x, t) = u(x, t)v(x, t), then we have the transformation
W(k, h) = k ∑︁ p=0 h ∑︁ q=0 U(k − p, q)V(p, h − q). Theorem 2.4. Let a, b ∈ R be constants. If w(x, t) = e ax+bt , then W(k, h) = a k b h k!h! .
Variational Iteration Method
In this subsection, basic concepts of the variational iteration method are given for the general nonlinear differential equation
where L is a linear operator, N is a nonlinear operator and g(x, t) is a given analytic function. By [15] , the correction functional for (9) is written as
where λ is a Lagrange multiplier andũ i is a restricted variation which is δũ i = 0. The Lagrange multiplier λ is obtained via integration by parts from the restricted variation of the correction functional δu i+1 = 0. (See, e.g., [15, 16, 18] .)
Applications
In this section, the differential transform method is applied to solve the linear and nonlinear Klein-Gordon equations in de Sitter spacetime. To illustrate the accuracy of the results, we compare them with the results obtained by using the variational iteration method. We have used Mathematica 10 for the results. However, we notice that the computations in the nonlinear term for the variational iterational method become complicated. In order to overcome the difficulty arising in calculating, we apply the variational iteration method with Adomian's polynomials for the nonlinear part proposed in [19, 20] . For simplicity, we take H = 1 and m = 1.
Example 1.
We first consider the initial value problem for the linear Klein-Gordon equation in de Sitter spacetime,
If we take the differential transform of the equation in (11), by using Theorem 2.1, Theorem 2.2 and Theorem 2.3, we get
Hence we have
for h = 0, 1, 2, . . .. From Theorem 2.4, the transforms of the initial conditions in (11) are
Substituting (14) into (13), we obtain the closed form of the solution as 
On the other hand, if we apply the variational iteration method, we construct the correction functional as
In order to make (16) stationary, and noticing that δφ i = 0, we get
By using integration by parts, we have the following conditions λ
Therefore the Lagrange multiplier has the following form:
Hence we obtain the iterative formula
for i ≥ 0 where we set the first step
Using the iteration formula (22), we obtain 
and so on. A closed form solution is not obtainable for the initial value problem (11) . Therefore this approximation can only be used for numerical purposes. In order to illustrate our results, we use another method called the projected differential method. This method which is a series solution with respect to the variable t at t 0 was introduced in [14] . Since it is similar to the differential transform method, we omit the statements. The comparison between the sixth iteration solution of the variational iteration method, the differential transform method and the projected differential transform method are given in Table 1 .
Example 2.
We consider the initial value problem for the nonlinear Klein-Gordon equation in de Sitter spacetime,
If we take the differential transform of the equation in (25), by using Theorem 2.1, Theorem 2.2 and Theorem 2.3, we get
for h = 0, 1, 2, . . .. From Theorem 2.4, the transforms of the initial conditions in (25) are
Substituting (28) into (27), we obtain the closed form of the solution as 
On the other hand, if we apply the variational iteration method to (25), we have the following the correction functional as
In order to make (30) stationary, and noticing that δφ i = 0, we get
Due to the stationary condition for the nonlinear part, we have the same Lagrange multiplier with (21). Hence we obtain the iterative formula
for i ≥ 0. The nonlinear part N(ϕ) = |ϕ| 2 ϕ in (25) can be expressed by the Adomian's polynomials as follows
The polynomials A i are defined in [21] by
where we set
The Adomian's method defines the series solution ϕ = ϕ(x, t) by
Substituting (33) and (36) into (32), the components ϕ i are obtained by
for i ≥ 0. From the iteration formula (37), we obtain
(︁ 3e 2t + e 2x − 3e 
and so on. A closed form solution is not obtainable for the initial value problem (25). Therefore we can only use this approximation for numerical values of the solution.
The comparison between the fourth iteration solution of the variational iteration method, the differential transform method and the projected differential transform method are given in Table 2 .
Conclusion
In this contribution, we have considered the Klein-Gordon equations in de Sitter spacetime. The lack of results for the global solutions of such nonlinear equations motivate us to approach the solutions approximately. Therefore, differential transforms and variational iteration methods were used. To overcome the computational difficulty arising from the nonlinear term, we have used Adomian's polynomials with the variational iterational method. Since the analytical solutions of these initial value problems are not obtainable from these approaches, we deal with the numerical results. As shown in Table 1 and Table 2 , we get 
